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Abstract-In this paper we develop methods to remove the atmospheric effects on ground radiance 
distribution. One method applies to satellite data, i.e. the case where the remote sensor is above the 
atmospheric layer. The other is designed for airplane data, i.e. the case where the remote sensor is inside 
of the atmospheric layer. We consider a 3-D radiative transfer model and solve an inverse problem. The 
results are suitable for large computer computation. 
1. INTRODUCTION 
The ground radiance distribution data obtained by a remote sensor differ from the true ground 
radiance distribution, because of the effect of an atmospheric layer over the ground. The consequence 
of the atmospheric effect is the blurring of the radiance map. The correction of such an effect will 
remove the blurring and improve the accuracy of pattern recognition and image interpretation. 
As a ray of solar radiation falls on a layer of atmosphere, multiple scattering occurs. Part of the 
photons are reflected, diffused and absorbed. Evaluation of the scattering and transmission functions 
of radiation in the atmosphere with uniform reflecting surfaces has been analyzed and discussed 
by several authors [l-9]. These analyses are based on a 2-D radiative transfer model involving 
nonlinear integral equations. 
The uniform ground reflection assumption is seldom realized for our problem. We have to 
consider .nonuniform ground albedo, i.e. it changes from point to point on the ground. Therefore, 
we are forced to study the 3-D radiative transfer model. Even in a cloud-free atmosphere, the 
characteristics and size distribution of aerosols are generally different in the lower atmosphere 
(altitude < I5 km) from those in the upper atmosphere [IO]. Therefore it is necessary to consider 
an inhomogeneous anisotropic scattering atmosphere. Several models and solutions are discussed 
by Turner [I 11, Ode11 and Weinman [12], Ueno and his associates [13- 161, Fymat [ 173 and 
Bellman and his associates [18-21-J. 
There are two separate models to consider. One is the remote sensor located above the 
atmosphere, such as data taken by satellite. In the other, the sensor is mounted on an airplane 
flying in the atmosphere. Our method is based on the construction of models governed by scattering 
matrices. The inverse problems can be solved easily by this construction. An approximation for 
each model is obtained by using coefficients determined by the physical properties of the atmosphere. 
Our analytical results are designed for large computer computation. 
2. MATHEMATICAL MODELS 
The surface reflection at a point (x, y) on the ground is denoted by K = K(x, y,Q -fY). The 
bidirectional reflection K represents the probability that a photon incident on the ground at point 
(x, y) in the direction -0’ will reflect in the direction Q within a solid angle, where +R = ( f v, 4) 
with v the cosine of the polar angle measured from the normal to the top 0 G v < 1 and I$ the 
azimuthal angle 0 d 4 G 21~. Above the ground is a layer of plane-parallel, inhomogeneous, 
anisotropic scattering atmosphere of optical thickness h = w. Associated with this atmosphere the 
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reflections and transmissions are governed by the scattering matrix 
s = S(0, w) = : ff ( ) . (1) 
Here r = t(0, w; -R, -0’) and r = r(0, w; -R, Q’) are upward transmission and reflection operators 
for a layer extending from optical thickness h = 0 to h = w and T = ~(0, w;R,R’) and 
p = ~(0, w; -0, Q’) are downward transmission and reflection operators. The matrix S is independent 
of (x,y), because our physical model for the atmosphere only is plane-parallel. The domains and 
ranges of such operators are intensities of radiation and 
Sometimes for convenience I(:; x, .v; in) is represented by If(z). l+(z) denotes the downward 
intensity at optical thickness h = 2 above the point (x, 4’) on the ground in the direction + R, and 
I_(z) signifies an upward intensity in the direction -R. 
With some modifications from the scattering theory in Refs [22-241, the overall reflection at the 
surface of the atmosphere with a ground reflector as background is given by 
P(K)= p + tK(E- rK)-'T, (3) 
where E is the identity and the operator (E - rK)- ’ is assumed to exist and to be bounded. The 
reflected intensity at h = M’ or the intensity received by the remote sensor is 
I_(w) = P(K)l+(w); 
see Fig. 1. I+(w) is the intensity of radiation incident on the 
were no atmospheric layer. then 
1, = K]+(w), 
(4) 
top of the atmospheric layer. If there 
(5) 
and I+(w) = r+(O). Hence I, in equation (5) is the true ground radiation distribution while I_(w) 
in equation (4) is the blurred ground radiation distribution taken by a satellite remote sensor at 
or above the atmosphere. Their difference is due to the operator K and P(K). The relation between 
them is expressed by equation (3). In equation (3), p is the reflection due to the atmospheric layer 
only, i.e. K # 0, while the term (E - rK)- ’ denotes the multiple scattering between the atmospheric 
layer and ground. To correct the atmospheric effect from the radiance data I_(w) in theory, it is 
only required to find the inverse of the operation P in equation (3). Since P maps K to P(K), and 
P- ’ recovers K from P(K), i.e. 
KI+(w) = P-‘[P(K)l+(w)]. (6) 
Many experts in the field realize that regardless of the model used, the essence of the problem 
is to solve the inverse problem. As it appears in equations (3) and (6) the inverse is not easy to find 
or to estimate. The first step is to find t, T, p and r for a given optical thickness and a proper 
selection of the atmospheric model. Discussion of various atmospheric models is not within the 
scope of this paper; as for references, see Refs [10,25-271. To find such operators it is required to 
solve a set of nonlinear Riccati-type integral equations [13, 21, 23, 271 and to use such results to 
find the inverse. It is again not easy because if one treats (E - rK)-’ as a Neumann series, then 
the r.h.s. of equation (3) involves an infinite number of terms of K. Even if one is successful in such 
an attempt, it is hardly a method which leads to a numerical solution. Furthermore, if one changes 
the atmospheric model, a new analysis must start from the beginning. Our method is presented in 
the next section with the intention of circumventing the above difficulties. 
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The remaining section is devoted to the construction of the second mathematical model based 
on a scattering matrix for aircraft sensor correction. 
In this case, the atmospheric layers are separated into two; one is above the airplane and the 
other is below, see Fig. 2. These atmospheric layers are governed by scattering matrices S, = S(c, w) 
and S, = S(O,z). S, extends from optical thickness h = z to h = W, while Sb is from h = 0 to h = Z. 
There are multiple scatterings in each layer, and interactions between S, and Sb, and the ground 
reflection K. It is necessary to analyze the so-called “internal radiation field” in a 3-D problem of 
radiative transfer with nonuniform background distribution. This is a much more complicated 
problem than the uniform one. There is no reason to believe that an airplane will have a clearer 
image than that obtained by satellite, even if the airplane is much closer to the ground. 
The scattering matrix S, = S(z, w) relates intensities at optical thickness h = z and h = w in the 
following manner: 
and 
I+(z) = r,l-(z) + r,Z+(w), (8) 
where I_(z) is the intensity measured on data taken by an airplane. To analyze the internal radiation 
problem, we consider a physical model, see Fig. 3, which consists of only St, and ground reflection 
K. Then, as we discussed in the previous case, the overall reflection at the top of S, is 
K, = p2 + t,K(E - r,K)-‘r, = P,(K), with Sb = 
From the reflection point of view, the physical model in Fig. 2 can be replaced by that in Fig. 4. 
That is, the atmospheric layer governed by S, is bounded below by a reflector K l. The validity of 
this statement follows from the “principle of invariance” or “invariant imbedding” [2,23]. Thus, 
By equations (8) and (IO), 
\ Satellite Sensor 
I+(W) 
I-W) 
/ h=w 
h=O 
Ground Ground 
Z_(z) = K,Z+(z). (10) 
Z-(z) = QZ+(w) (11) 
h=w 
h=z 
Fig. 2 Fig. 1 
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h=z 
h=w 
Reflector 
Fig. 3 
h=z 
Ground 
Fig. 4 
h=O 
where 
Q = K,(E - r,K,)-‘r,. (12) 
For the airplane data correction problem, the true ground radiation distribution is given by lo, 
as in equation (5). However, in order to obtain K, there are two inverse operations that must be 
solved; first one obtains K, from Q by equation (12) and then K from K, by equation (9). Both 
operations are equally as difficult as the inverse that occurs in equation (3), in theory. But S = S(0, w) 
is more difficult to compute or to estimate than either S, or &,, because of their differences in 
optical thickness. The problem involving multiple scattering in general is more difficult to handle 
with large values of optical thickness. In particular the model is a nonhomogeneous and anisotropic 
one [28,29]. 
3. ANALYTICAL AND APPROXIMATE SOLUTIONS 
Our methods of solving the above inverse problems and finding approximate solutions suitable 
for a large computer are presented in this section. The reflection operators K, K,, Q are imbedded 
in a larger system. By using the *-product of Redheffer [22] and its linearization [22,23], and the 
fact that for S with very small optical thickness, it can be approximated by its generating coefficients, 
we present our results at the end of this section. 
It is observed that under the *-product 
(13) 
where - denotes entries that are irrelevant, and P(K) is as in equation (3). Let us partition 
(O,w) = (0, w1, wz,..., W, = W) and set S(Wj, Wj+ i) = Sj, j = 1, 2,. . . ,p,. . . n and wp = Z, then 
S(0, w) = s, * s2.. . * s,; (14) 
since the *-product is difficult to compute, we shall use Mason’s exchange rule or Redheffer’s hat 
operation, if t is nonsingular, 
S:S+S or S = ( t-’ -t-‘p rt-’ --rt-‘p + t > (15) 
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then it is well-known that 
$0, w) = s, . s^, . . . S”, 
where . denotes the usual matrix multiplication. For n large, i.e. Wj+ 1 
Sj an inverse [30,31]. Therefore, 
$o,w)-’ = ~._‘~~.=‘,...P. 
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(16) 
Wj small, there is for each 
(17) 
By the fact that the hat operation is nilpotent and it commutes with the inverse operation, we can 
find S- ‘(0; w) by one final hat operation: 
where 9,: ‘, j = 1,2,. . . , n, can be estimated by its coefficient, see below. 
Since equation (9) is identical to equation (3) by replacing S(0, w) by S,, and K by K,, we merely 
repeat the analysis I. the result is 
- KI (- ) 0 = (3;1$--11...s;1)~ 
To solve equation ( ll), we observe that 
(I ?)*(E ‘I,) =(I “). 
After computing the inverse under the *-product of the matrix 
and using s = ‘,” 
T 
one obtains 
(19) 
(21) 
where 
3, = 3p+1.3p+2...~“, (23) 
with sj = $wj, wj+ r) and wj the partition points used in equation (14). Again 3. is obtained under 
the usual matrix multiplication not under the more difficult *-product. Hence K is solved if each 
Sj in equation (23) can be computed. 
The remaining section is devoted to estimating $i and Sj, used in equations (19) and (23), for the 
radiative problem under consideration with arbitrary phase functions p = p(w; +R, +nl), and 
attenuations p = p(w) and v = v(w). These two parameters usually determine the physical character- 
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istics of a nonhomogeneous atmospheric layer. Therefore our method is rather general. 
For Wj+r - wj = Aj small, then 
Si = S(Wj, Wj+ 1) ’ E + M(Wj)Aj + O(Aj), 
where k denotes estimation, 1/O(Aj)11 + 0 as Aj + 0 and the coefficient 
For radiative transfer M is decomposed into 
(;; I;:)=(; ,9)+gg ;J9 
specular &use 
part part 
where the specular operators are given by 
and 
pjl -(wj) = 
s 
exp(Ayj)b( - R, - Q’)Z(Wj; Xv Y; - Q')dfl 1 
qjI+(wj) = exp(Ajvj)&Q Q')Z(Wj+ 1; X, J'; R')dR 
and the diffuse operators by 
Pfl-(Wj) = 
s 
p(Wjl *Cl, -R’)l(Wj;X,y; -R’)dR’ 
and 
PjfI+(Wj) = 
s 
PfWj; +R,R’)Z(Wj+l;X,y;R’)dR’. 
(24) 
(25) 
(26) 
(2W 
The integrations are all over the region 0 < p G 1 and 0 G 1 and 0 < 4 < 21~. The above integral 
operators can be approximated by matrices Ai, Bi etc., i.e. 
(28) 
Then under the hat operation, we obtain 
~j = E + ~jAj + iQjA3 j = I,2 ,..., p ,..., n, (2% 
where 
“=(-2 -;) and M’=(_~~j -2:). 
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Similarly, we also obtain 
Sj = E + ~jAj + ~iAf t 
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(30) 
where 
Finally, by substituting equations (26) and (27a, b) into equations (15), (16) and (19) we obtain K 
for the satellite and for the airplane correction problems, respectively. 
We have developed the models and solved the problems. Our results are suitable for a large 
modern computer, they involve mostly matrix multiplications, and it is not necessary to solve 
transmission and reflection functions in advance, then solve the inverse problems. 
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